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We discuss relations between different integral formulae for solutions of the quantized
Knizhnik-Zamolodchikov (qKZ) equation at level zero in the Uq(sl2) case for |q | < 1 .
Smirnov type formulae of M. Jimbo et al. are derived from the general approach of
A.Varchenko and the author. The consideration is parallel to the qKZ equation in the
rational sl2 case done by A.Nakayashiki, S. Pakuliak and the author.
1 Introduction
The quantized Knizhnik-Zamolodchikov (qKZ) equation is a holonomic system
of difference equations for a function taking values in a tensor product of repre-
sentations of a Lie algebra or the corresponding quantum group. In this note we
consider the qKZ equation associated with the quantum group Uq(sl2) , see (2.1).
We concentrate on the case of the qKZ equation at level zero, which means a par-
ticular relation between q and the step p of the equation: p = q4. This type of
the qKZ equation was inroduced by F. Smirnov [S] as equations for form factors in
integrable models of quantum field theory.
We are interested in the hypergeometric solutions of the qKZ equation. In the
case in question such solutions were given by Smirnov and Jimbo et al., see [JKMO].
The general construction of the hypergeometric solutions has been developed by
Varchenko and the author [TV]. It turns out that the general approach applied to
the level zero case gives formulae which are similar to Smirnov type formulae, but
do not coincide with them. On the other hand, all attempts to extend Smirnov type
formulae to the case of arbitrary level failed, which indicates an intimate relation
of these formulae to the special features of the level zero case.
The aim of the note is to derive Smirnov type formulae for the hypergeometric
solutions, cf. (5.4) and (5.5), from the general type formula (5.1). In the rational
sl2 case this has been done in [NPT]. Here, we consider the case |p| < 1 . The case
|p| = 1 has been recently studied by Y.Takeyama.
Almost all proofs in the case in question are nearly the same as in the ratio-
nal case, see [NPT]. We also refer a reader to this paper for more detailed com-
ments, motivations and explanations of the constructions. Completeness of the
hypergeometric solutions in the rational case at level zero has been proved in [T];
in the case to be discussed it can be shown more or less similarly.
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Formula (5.1) for the hypergeometric solutions contains three main ingredients:
rational functions wM , an elliptic function W and the hypergeometric integral
I⊗ℓ , which pairs the functions. We describe the constituents subsequently in Sec-
tions 3 and 4. In Section 5 we describe the hypergeometric solutions, cf. Theorem
(5.2), and derive Smirnov type formulae for solutions.
2 The qKZ equation at level zero
Let V = Cv+ ⊕ Cv− . Introduce matrices
σ+ =
(
0 1
0 0
)
, σ− =
(
0 0
1 0
)
, τ+ =
(
1 0
0 0
)
, τ− =
(
0 0
0 1
)
.
Fix a complex number q 6= 0, 1 . Let R(z) ∈ End(V ⊗2) be the following R-matrix:
R(z) = τ+⊗ τ+ + τ−⊗ τ− +
z − 1
qz − q−1
(τ+⊗ τ− + τ−⊗ τ+) +
+
q − q−1
qz − q−1
(z σ+⊗ σ− + σ−⊗ σ+) .
Fix complex numbers p 6= 0, 1 and κ 6= 0 . We consider the qKZ equation for a
V ⊗n-valued function Ψ(z1, . . . , zn) :
Ψ(z1, . . . , pzj, . . . , zn) = Kj(z1, . . . , zn)Ψ(z1, . . . , zn) , (2.1)
Kj(z1, . . . , zn) = Rj,j−1(pzj/zj−1) . . . Rj,1(pzj/z1) ×
× (τ+j + κτ
−
j )Rj,n(zj/zn) . . . Rj,j+1(zj/zj+1) ,
j = 1, . . . , n . The level of the qKZ equation is determined by p = q2(level+2) .
For any ℓ such that 0 6 ℓ 6 n denote by (V ⊗n)ℓ the weight subspace:
(V ⊗n)ℓ =
{
v ∈ V ⊗n |
n∑
j=1
τ−j v = ℓv
}
.
The qKZ equation (2.1) respects the weight decomposition of V ⊗n .
Consider the quantum group Uq(sl2) with generators e, f, k and the coproduct
∆(e) = k−1⊗ e+ e⊗ 1 , ∆(f) = f ⊗ k + 1⊗ f , ∆(k) = k ⊗ k .
Uq(sl2) acts in V by the rule: e 7→ σ
+, f 7→ σ−, k 7→ qτ++ q−1τ−, and in V ⊗n
according to the coproduct ∆ . If κ = q2ℓ−2−n, then the qKZ equation preserves
the subspace (V ⊗n)singℓ ⊂ (V
⊗n)ℓ of Uq(sl2)-singular vectors:
(V ⊗n)
sing
ℓ =
{
v ∈ (V ⊗n)ℓ | ev = 0
}
.
In this note we consider the case of the qKZ equation at level zero, i.e. all over
the paper we assume that p = q4 . Furthermore, fixing an integer ℓ such that
0 6 ℓ 6 n we discuss solutions of the qKZ equation (2.1) taking values in the
weight subspace (V ⊗n)ℓ . We will pay special attention to the case κ = q
2ℓ−2−n.
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In this case we assume that 2ℓ 6 n and consider solutions of the qKZ equation
taking values in the subspace (V ⊗n)
sing
ℓ of singular vectors.
We assume that |p| < 1 . This is important for the analytic part of the story in
Sections 4 and 5.
3 Rational functions
Let M = {m1 < . . . < mℓ} be a subset of {1, . . . , n} . The subset defines a point
zˆM = (zm1 , . . . , zmℓ) ∈ C
ℓ. For subsets M,N we say that M 6 N if #M = #N
and ma 6 na for any a = 1, . . . ,#M .
Given a function f(t1, . . . , tℓ) we set
Asym f(t1, . . . , tℓ) =
∑
σ∈Sℓ
sgn(σ)f(tσ1 , . . . , tσℓ) ,
and for any point u = (u1, . . . , uℓ) ∈ C
ℓ we define
Res f(u) = res
(
. . . res
(
t−11 . . . t
−1
ℓ f(t1, . . . , tℓ)
)∣∣
tℓ=uℓ
. . .
)∣∣
t1=u1
.
For any M ⊂ {1, . . . , n} and m ∈M let µ
(m)
M , gM , wM and w˜M be the following
functions:
µ
(m)
M (t) =
t
t− zm
∏
j∈M
j 6=m
t− q2zj
zm − q2zj
,
w˜(t1, . . . , tℓ) = Asym
( ℓ∏
a=1
µ(ma)(ta)
)
= det
[
µ
(ma)
M (tb)
]ℓ
a,b=1
,
gM (t1, . . . , tℓ) =
ℓ∏
a=1
( ta
ta − zma
∏
16j<ma
q−1ta − qzj
ta − zj
) ∏
16a<b6ℓ
(q−2ta − tb) ,
wM = Asym gM .
Lemma 3.1 Let M,N ⊂ {1, . . . , n} , #M = #N . Then
Res w˜M (zˆM ) = 1 , Res wM (zˆM ) = Res gM (zˆM ) ,
Res w˜M (zˆN) = 0 for M 6= N and Res wM (zˆN ) = 0 unless N 6M . Moreover
wM =
∑
N6M
w˜M Res wM (zˆN ) .
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Lemma 3.2 For any M ⊂ {1, . . . , n} , #M = ℓ− 1 , the following relation holds :
(q − q−1)
∑
k 6∈M
q2λM (k)−kwM∪{k}(t1, . . . , tℓ) =
= Asym
(( ℓ∏
a=2
(q−2t1 − ta) −
ℓ∏
a=2
(q2t1 − ta)
n∏
j=1
q−2t1 − zj
t1 − zj
)
g(t2, . . . , tℓ)
)
.
Here λM (k) = #{m ∈M | m < k} .
Let Mext = {1, . . . , ℓ} . Say that Mext is the extremal subset. Due to Lemma 3.1
wMext(t1, . . . , tℓ) =
∏
16a<b6ℓ
(q−2zma− zmb)(zma− q
−2zmb)
q−1(zma− zmb)
w˜Mext(t1, . . . , tℓ) .
Let F be the space of functions f(t) such that the product f(t)
n∏
j=1
(t− zj) is a
Laurent polynomial in t . We denote by F⊗k the space of functions in k variables
such that for each given variable these functions considered as functions of the
distinguished variable belong to F . Other tensor products of spaces of functions
are to be understood similarly. It is clear that for any subset M of cardinality ℓ
the functions gM , wM , w˜M belong to F
⊗ℓ.
4 Elliptic functions and the hypergeometric integral
Let (u)∞ =
∞∏
s=0
(1 − psu) and let θ(u) = (u)∞ (p/u)∞ (p)∞ be the Jacobi
theta-function. Denote by F˜ell the space of functions F (t) such that the product
F (t)
n∏
j=1
θ(t/zj) is holomorphic for t 6= 0 .
Let α = κqn−2ℓ+2. Set Fell = {F ∈ F˜ell | F (pt) = αF (t)} . For even n also set
F̂ell = {F ∈ F˜ell | F (pt)− αF (t) ∈ CΘ(t)} where
Θ(t) = t−n/2
n∏
j=1
θ(q−2t/zj)
θ(t/zj)
. (4.1)
It is easy to see that dim Fell = n and dim F̂ell = n+ 1 . Notice that Θ ∈ F̂ell .
Remark. In the general situation one needs only an analogue of the space Fell of
quasiperiodic functions, see [TV]. However, in the case in question it turns out
that sometime the space Fell is not enough to produce all, or even nonzero, hyper-
geometric solutions of the qKZ equation (2.1). This actually happens if α = q2k
for an integer k . The proposed extension F̂ell is adapted to the case α = 1 .
Let φ(t) =
n∏
j=1
(t/zj)∞
(q−2t/zj)∞
be the phase function. Introduce the sets:
⋃+
s =
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{pkq2zj | j = 1, . . . , n , k ∈ Z6s} and
⋃−
s = {p
−kzj | j = 1, . . . , n , k ∈ Z6s} .
The hypergeometric integral I(f, F ) is given by the formula
I(f, F ) =
1
2πi
∫
C
φ f F
dt
t
(4.2)
where C is a simple closed curve oriented counterclockwise and separating the sets⋃+
1 and
⋃−
1 . For functions in ℓ variables we write
I⊗ℓ(w,W ) =
1
(2πi)ℓ
∫
Cℓ
w(t1, . . . , tℓ)W (t1, . . . , tℓ)
ℓ∏
a=1
φ(ta)
dta
ta
. (4.3)
Proposition 4.1 For any f ∈ F and F ∈ F˜ell the hypergeometric integral I(f, F )
is well defined and does not depend on a particular choice of the contour C .
Lemma 4.2 Let f ∈ F. If f(t) = O(t) as t → 0 , then I(f, 1) = 0 . For even
n , if f(t) = O(tk) as t → ∞ , 2k 6 n , and Θ is given by formula (4.1), then
I(f,Θ) = 0 .
Denote by D the operator defined by
Df(t) = f(t)− αf(pt)
n∏
j=1
q−2t− zj
t− zj
.
The functions of the form Df are called the total differences .
Proposition 4.3 Let f ∈ DF or (f −Df) ∈ F .
a) For any F ∈ Fell we have that I(Df, F ) = 0 .
b) Let n be even, and f(t) = O(tk) as t → ∞ , 2k 6 n . Then for any F ∈ F̂ell
we have that I(Df, F ) = 0 .
5 Hypergeometric solutions of the qKZ equation
For any subset M ⊂ {1, . . . , n} define a vector vM ∈ (V
⊗n)#M by the rule:
vM = vε1 ⊗ . . . ⊗ vεn where εj = + for j 6∈ M and εj = − for j ∈ M . For any
W ∈ F̂⊗ℓ
ell
we set
ΨW =
∑
#M=ℓ
I⊗ℓ(wM ,W ) vM . (5.1)
It is clear that ΨAsym W = ℓ! ΨW . By Lemma 4.2 ΨW = 0 if W ∈ F̂
⊗(ℓ−1)
ell ⊗C1 ,
or W ∈ F̂
⊗(ℓ−1)
ell ⊗ CΘ , n is even and 2ℓ 6 n .
Lemma 5.1 Let α = 1 . Then ΨW ∈ (V
⊗n)singℓ for any W ∈ F̂
⊗ℓ
ell
.
The statement follows from Lemma 3.2 and Proposition 4.3.
Let F̂ ℓ
ell
be the space of meromorphic functions W (t1, . . . , tℓ; z1, . . . , zn) with
the properties:
a) W ∈ F̂⊗ℓ
ell
as a function of t1, . . . , tℓ for any given z1, . . . , zn ;
b) W (t1, . . . , tℓ; z1, . . . , pzj, . . . , zn) = q
−ℓW (t1, . . . , tℓ; z1, . . . , zn) for any j .
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Theorem 5.2 For any W ∈ F̂ ℓ
ell
the function ΨW (z1, . . . , zn) is a solution of the
qKZ equation (2.1) with p = q4 and κ = αq2ℓ−2−n taking values in (V ⊗n)ℓ .
ΨW (z1, . . . , zn) is called a hypergeometric solution of the qKZ equation.
Theorem 5.2 follows from the results on formal integral representations for solu-
tions of the qKZ equation [V] and Proposition 4.3.
Take another basis in (V ⊗n)ℓ : v˜M =
∑
N>M
vN Res wN (zˆM ) , #M = ℓ . Then we
have
ΨW =
∑
#M=ℓ
I⊗ℓ(w˜M ,W ) v˜M .
For W (t1, . . . , tℓ) = W1(t1) . . .Wℓ(tℓ) , W1, . . . ,Wℓ ∈ F̂ell , the last formula can be
written in the determinant form:
ΨW =
∑
#M=ℓ
det
[
I(µ
(ma)
M ,Wb)
]ℓ
a,b=1
v˜M . (5.2)
From now on until the end of the section we assume that α = 1 , so that κ =
q2ℓ−2−n. In this special case ΨW can be also written via suitable polynomials
rather than rational functions. For any M ⊂ {1, . . . , n} set
P+M (t) =
∏
m∈M
(q−4t− zm) , P
−
M (t) =
∏
k 6∈M
(q−4t− zk) .
Denote by Tq2 the following operator: Tq2f(t) = f(t) − f(q
2t) . For any rational
function f(t) let [f(t)]+ be its polynomial part. Define polynomials Q
(1)
M , . . . , Q
(ℓ)
M
by the rule
Q
(a)
M (t) = q
4aP−M (t)
[
Tq2
(P+M (t)
ta
)]
+
+
+ q2aP+M (q
2t)
[
Tq2
( P−M (t)
P+M (q
2t)
[ P+M (q2t)
ta
]
+
)]
+
. (5.3)
The polynomial Q
(a)
M (t) essentially coincides with the polynomial A
(ℓ,n−ℓ)
ℓ+1−a (t|zˆM |zˆM )
from [JKMO]. Here M = {1, . . . , n} \M and zˆM is defined similarly to zˆM .
Proposition 5.3 For any M ⊂ {1, . . . , n} , #M = ℓ , and any m ∈M the fol-
lowing identity holds :
D
( n∏
k=1
k 6=m
(q−4t− zk)
)
= − z−1m
n∏
k=1
(q−2zm − zk)µ
(m)
M (t) +
ℓ∑
a=1
Q
(a)
M (t) z
a−1
m .
Set
v¯M =
∏
16a<b6ℓ
zma− zmb
(q−2zma− zmb)(zma− q
−2zmb)
v˜M ,
which provides that v¯Mext− q
ℓ(ℓ−2)/2 vMext is a linear combination of vectors vM
with M 6= Mext , #M = ℓ . Then by the last Proposition and Lemma 4.3 the
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formula (5.2) transforms to
ΨW = (q
−2− 1)
−ℓ ∑
#M=ℓ
∏
k 6∈M
m∈M
1
q−2zm − zk
det
[
I(Q
(a)
M ,Wb)
]ℓ
a,b=1
v¯M (5.4)
provided that W1, . . . ,Wℓ ∈ Fell . This formula matches Theorem 4.5 in [JKMO].
Observe that if Q is a polynomial and W ∈ Fell , then the integrand of the
integral I(Q,W ) has no poles at points zj , p
−1zj , pq
2zj for any j = 1, . . . , n ,
and therefore, we have that
I(Q,W ) =
1
2πi
∫
C′
φQW
dt
t
for any contour C′ separating the sets
⋃+
0 and
⋃−
−1 . For instance, if |z1| = . . . =
|zn| = 1 , then one can take C
′ to be a circle |t| = q3 .
From now on let 2ℓ = n , and recall that α = 1 . For any F ∈ F̂ell define its
discrepancy 〈F 〉 by the rule: 〈F 〉Θ(t) = F (t) − F (pt) . For any subset M set
ξM = DP
−
M . There are two important relations involving ξM :
ξM (t) =
∑
m∈M
µ
(m)
M (t) z
−1
m res ξM (zm)
and I(ξM , F ) = − q
−4ℓ〈F 〉 for any F ∈ F̂ell . Using the former equality to replace
µ
(mℓ)
M by ξM in (5.2) and integrating the terms with ξM according to the latter
one, we obtain
ΨW = 〈Wℓ 〉
∑
#M=ℓ
zmℓ
ℓ−1∏
a=1
(zmℓ− zma)
n∏
k=1
(zmℓ− q
2zk)
det
[
I(µ
(ma)
M ,Wb)
]ℓ−1
a,b=1
v˜M
provided that W1, . . . ,Wℓ−1 ∈ Fell . In the case 2ℓ = n formula (5.3) for the poly-
nomials Q
(a)
M simplifies:
Q
(a)
M (t) = q
4aP−M (t)
[
Tq2
(
t−aP+M (t)
)]
+
+ q2aP+M (q
2t)
[
Tq2
(
t−aP−M (t)
)]
+
.
Moreover, the polynomial Q
(ℓ)
M vanishes identically. Finally, we get an analogue of
formula (5.4):
ΨW = (q
2− q4)
−ℓ
〈Wℓ 〉
∑
#M=ℓ
∏
k 6∈M
m∈M
1
q−2zm − zk
det
[
I(Q
(a)
M ,Wb)
]ℓ−1
a,b=1
v¯M . (5.5)
matching the modification (4.17) to Theorem 4.5 in [JKMO].
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